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Abstract

In this diploma thesis we discuss about the Hardy-Littlewood maximal operator and
some results on the regularity properties. We distinguish the continuous and the
discrete formulations. We explain theorems concerning the maximal function of a
Sobolev function and the maximal function of a function of bounded variation. The
final chapter is devoted to present some convolution type maximal operators and
their regularity properties. The philosophy of this work is to determine if these
operators preserve the differentiability and the variation of the functions and if we
can give estimates to control it.



Chapter 1

The Hardy-Littlewood maximal
function

The purpose of this report is to present some studies on the regularity properties
of the Hardy-Littlewood maximal operator. Maximal operators are central objects
in harmonic analysis with applications to pointwise convergence of Fourier series,
ergodic theorems and pointwise convergence of solutions of partial differential equa-
tions [3, 9]. The Hardy-Littlewood maximal operator is well known for its application
to the Lebesgue Differentiation Theorem. Other applications to PDEs suggest that
it is important to study how the maximal operator interacts with the regularity of
the functions, see references in [7]. This means to study if the maximal operator
keeps, destroys or improves the weak differentiability of the initial function.

In this chapter, we will present some definitions and basic properties needed to
understand the subsequent chapters. This part of the report is based on classical
literature [5, 10, 11].

1.1 Definition and elementary properties

We will start with the following definition of our central object of discussion. Let
f € Li,e(R?Y). The centered maximal function of f is

1

Mf(x) = sup—/ fly)|dy. (1.1)
( r>0 m(B(a:,r)) B(z,r) ’ ( )‘

The non-centered maximal function of f is

Wfa) = sup —z= [ )y (1.2
2




In these definitions, B(x,r) represents the open ball centered at x and radius r,
m(B(z, 7)) denotes its Lebesgue measure. In (1.2) B is any open ball and we do not
specify the center, we only require that the ball contains x.

We can consider the maximal operator (non-centered) as f+— Mf (f — M f)-
The definition of this object has a very nice motivation, the Lebesgue Differentiation
Theorem; when we consider the averages

A f(z) = W/B(m) f(y)dy

and ask whether the limit A, f — f holds almost everywhere as r — 0. Note that
M f(x) = sup,o Ar| f](2).

We prove the following fundamental theorem, we will use it several times across
our discussions. This is a classical fact about the Hardy-Littlewood maximal opera-
tor, see [10, 11].

Theorem 1.1 (Weak and strong type inequalities). Let f be a function defined in
R4,

(i) If f € LP(R?), 1 < p < oo, then the function Mf is finite almost everywhere.

(ii) If f € LY(R?), then for every a > 0,
miz M) > a} < 271l (1.3
where A depends only on the dimension d.
(iii) If f € LP(R), 1 < p < oo, then the function M f € LP(R?) and
1M 51l < A1 £l (1.4)

where A, depends only on the value of p and the dimension d.

It is important to comment that Theorem 1.1 holds for the centered maximal
function as well, since the non-centered maximal function is computed by taking
more averages than the centered, consequently we have the inequality M f < M f
everywhere.



The conclusion in part (iii) is false for p = 1 unless f = 0 almost everywhere. To
see this, let R be a real number bigger than 1, and notice that for € R? such that
|z| > R, we have

1
d
m(Ble. R+ 1)) /B(x,m 7 (w)ldy
fB(O,l)If(y)Idy 1
— m(B(0,1)) (R+1)¢
1
N ES

Mf(z) =

If we assume without loss of generality that | B0.1) |f(y)|dy # 0, the constant C'

above is positive. It is true that M f is not L' since the lower bound W is not
integrable at infinity.

Before going to the proof of Theorem 1.1, we will prove the following useful fact:

Lemma 1.2 (Vitali covering). Let E a measurable subset of R? that is the union of

a finite number of balls {B;}, then one can select a disjoint subcollection By, ..., By,
such that .
m(E) < Ay m(By) (1.5)
k=1

with A > 0. The choice A = 3% works.

Proof. We extract the desired balls using the following procedure, first let By one
of the balls in {B;} with the largest radius. If there are disjoint balls to By, select
By with the highest radius. Now, if there are balls in {B;} disjoint to B; and By,
select B3 as the one with largest radius. These iterations finish with a subcollection
By, ..., By, ..., B,, ordered by decreasing radius. To distinguish this subcollection
to the original {B;}, we use the subscript & instead of j.

Define B* as a ball with the same center than B but 3 times the radius. We
claim that UB;; © E. To prove this, it is enough to show that UB}; © B; for every
ball in the collection {B;}. Let B; one of the balls in {B;} which is not one of
By,..., DBy, ..., By, otherwise the result is trivial. This implies that B; intersects
one of the balls By, ..., By, say Bj,, using triangle inequality B; C B} . We conclude
that

m(E) <> m(B;) =3"> m(By)

k=1



Proof of Theorem 1.1. Part (i) follows immediately from part (ii) and (iii).

We prove part (ii). Notice that M f is lower semi-continuous; let z, € R? and
suppose M f(zg) < oo, given € > 0, there exists an open ball B containing xg
such that 1/m(B) [5|f(y)ldy > Mf(xo) — €. Hence for every x € B, we have
that Mf(:p) > Mf(xo) —e If Mf(xo) = 00, let By a ball containing x, such
that 1/m(By) fBN |f(y)|[dy > N. An arbitrary sequence {z,} that converges to

xq satisfies that M f(x,) > N for all n sufficiently large, so Mf(xn) — 00. Now,
let o > 0 and define the open set E, = {x € R% Mf(z) > a}. Fix a compact set
E C E,, by lemma 1.2 we can find a finite sequence of disjoint open balls B, ..., B,
contained in F, and satisfying (1.5). Since these balls are disjoint, we have that

m(B) < m(B) < [ s < S (1.6

m
f=1Bk

The desired result follows by taking the supremum on left side of (1.6) and the inner
regularity of the Lebesgue measure.

The proof of part (iii) is as follows, notice that the case p = oo is trivial with
Ay = 1. The case 1 < p < oo follows from the part (ii), the case p = oo and the
Marcinkiewicz Interpolation Theorem 1.3, since the maximal function is a sublinear
operator as we will see in the next section. O

1.2 Marcinkiewicz interpolation theorem

Now we turn our attention to an important tool of interpolation, this is what we need
to complete the proof of the Theorem 1.1 part (iii). For the sake of our exposition we
state the theorem first, but the new terminology introduced here will be explained in
detail just before the proof. The proof is based on the one given in [5], we adjusted
the statement to Lebesgue measure, but it still holds for more general measures.

Theorem 1.3 (Marcinkiewicz interpolation theorem). Let pg, p1, qo, (1 € [1,00] such
that po < qo and p1 < q1, and qo # q1. For 0 <t < 1, denote
1 1-t t 1 1-—t t

= +— and -= +—.
p Po b1 q do q1

If T is a sublinear operator from LP° + LP* to the space of measurable functions of
R? of weak types (po, qo) and (p1,q1), then T is of strong type (p,q). More precisely,
if there exist positive constants Cy and Cy, such that [T fl, < Cil||fllp; for j =0,1.
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As we already said, we need several definitions and some propositions. If f is
a measurable function on R? the distribution function )\; : (0,00) — [0, 00] is
defined as

Aple) = m({z :[f(2)] > a}).

The distribution function has some basic properties:
Proposition 1.4. (i) Af is non-increasing and right continuous.
(1r) If | f] < g|, then Ay < Ag.
(111) If | fn| increases to |f|, then Ay, increases to Ag.
(iv) If f =g+ h, then Af(a) < Ag(5) + An(5).

Proof. Part (i) If a < f, we have the inclusion E;(5) = {z : |f(z)] > B} C
{z : |f(z)] > a} = E¢(a) therefore, by monotonicity of the Lebesgue measure
Ar(B) < Ap(@). Since the union of nested sets Ef(a) = U,Ef(a +n~ ') holds, the
right continuity follows.

Part (i) If | f(z)] < |g(x)| Vo € RY, then the inclusion E;(a) C E,(«) holds and the
inequality Af(a) < Ay(a) is true for any a > 0.

Part (iii) If | f,| increases to |f|, then {E}, (o)} is an increasing nested sequence of
sets and Mg, (o) T Ap(@).

Part (iv) If |g(z)| + |h(z)| > | f(z)] > « it follows that |g(z)| > § or |h(z)| > §, and
we obtain the inclusion E¢(a) C Ey(§) U Ej(§) which implies the conclusion. [

An important application of the distribution function is that we can rewrite the
p-norms in terms of it. If f € LP(RY) for 1 < p < oo, by the Fubini’s theorem

|f ()]
1= [ [ s tdads
re Jo
:/ / pap_lda:da:p/ P h\p(a)da,
0 If(@)[>c 0

and if p = oo, then

(1.7)

[ lle = inf{a; As(@) = 0}. (1.8)
Now we give some definitions about weak LP(R?) spaces. If f is a measurable
function on R? and 1 < p < oo, we define

= (swparasta)) v

a>0



and we define weak LP(R?) as the collection of measurable functions f for which
[f], < 0o. We can say more about the weak LP(R?) spaces:

e The quantity [-], is not a norm

e The weak LP(R?) spaces are Banach spaces with a topology generated by [],.
e The inclusion LP(R?) C weak LP(R?) holds.

e The inequality [f], < ||f]|, is always true.

Now we describe a way to decompose a measurable function f and prove some
relation of this decomposition with the distribution As: let A > 0, as before Ef(A) =
{z :|f(z)] > A}, define

ha = fxga\g;a) + (580 f)AXE;(a), ga=f—ha=(sgn f)(|f] — A)xE ),

where Y is the characteristic or the indicator function of the set E and sgn f is the
sign function of f.

Proposition 1.5. If f is a measurable function in R, then

@ ={ 3@ TeSh @ =

Proof. Since |ha| < A everywhere for « > A, the set Fj,, («) is empty, then A, () =
0. If o < A, the set Ej,, (a) is equal to the set Ef(a), therefore A\, (o) = Af(c). Let
a > 0, we have Ey(a + A) = {z;|f(2)| > a+ A} = {z; (|f(2)] — A)xp;a) > o} =
E,,(a), therefore \;, (o) = Ap(a + A). O

gA

Now we define three more concepts related to sublinear operators and its type.
First of all, an operator T defined on a vector space S of measurable functions
defined on R? over measurable functions on R? is said to be sublinear if for every
f,9 €S, |T(f+9) <I|Tfl+|Tg| and for every positive constant ¢, the equality
|T(cf)] = c|Tf| holds. Secondly, a sublinear map T is of strong type (p,q) for
1 < p,q < oo, if T is a bounded operator that maps LP(R?) to L4(R?) , in other
words, it exists C' > 0 such that ||T'f||, < C||f||, for all f € LP(R?). Finally, we said
that a sublinear operator 7' is of weak type (p,q) for 1 < p < ocand 1 < g < o0,
if T is a bounded operator that maps LP(R?) into weak L4(R?), in other words, it
exists C' > 0 such that [T'f], < C||f||, for all f € LP. A sublinear operator T is of
weak type (p,o0) if and only if it is of strong type (p, o).

7



Proof Theorem 1.3. We divide the proof in 3 cases.
First, suppose that pg = p; =: p, with no loss of generality, we can assume ¢y < ¢
(it implies that ¢y < ¢ < ¢1). The inequalities [T'f],, < Col|fl|, and [T'fl, < Cil|fll,
imply
Ars(@) < (Collfllp /)™ Arg(a) < (Gillfllp/a)™ .

Let 0 < 0 < 00, we have

175l =a [ ot ayla)da
0

o q0 9] q1
< q/ o1 (Co||f||p> da+q/ oi-1 <Cl||f||P) da (1.9)
0 Q o a

_ d(Collf )"0, g(Crllfl)" 0"
7= 7 — a

1
. . CH\ a1—q
For instance, if we choose o = (=& )" ™ || f||p, we find that
’ Cg0 P

sup{||T fllq; [l /1, = 1}

—qq 1
<B— quO (Cill) a1—4a0 N inn (Cih ) L (1.10)
T 7 = a0 \ G5 g —ai| \Cg° '

Finally, notice that for a real positive number ¢ > 0, the operator satisfies the equality
|T(cf)| = c|Tf|, we conclude that ||T'f||, < B||f||,- For the remaining cases, the
idea is to use the decomposition of f that we introduced before the Proposition 1.5,
with a clever choice of A.

Second, suppose without loss of generality py < p; and gg < 00, ¢ < oo, the hy-
pothesis implies that py < p; < oo. Using the formula given by (1.7) and Proposition
1.5, we have that

[ee) A
/ hade = pr /0 BN, (B)dB = pr /0 710, (8)dB,
t/mww=m/mmw&xmwzm/mwﬂMw+mw (1.11)

0 0

- / (8 — AP\ (8)dB < po / 7\ (8)dB.

A A

Using the sublinearity of the operator T, parts (ii) and (iv) of Proposition 1.4, we



can estimate the following:

Tfldxr =q a? \pp(a)do = 29g a? )\ (20)do
0 d 0 d

o (1.12)
= 2q‘-’/o a®! (Arg, (@) + Arn, (@) da.

By definition p = pop1/(p1(1 —t) + pot) and ¢ = qoq1/(q1(1 — t) + qot). Let o be

q1

coplw—9 1= 1T amorm el -w))
¢ pr —po')

Cwpo—p) 1L 15l

S | — (1.13)
— L~ G _ 1= _nla—q)
1- pl(l—pf)-‘rp()t 1— p% ¢ (pr —p)

Since (1.11) and (1.12) hold for every choice of A, let A be equal to a”. Therefore,
we can estimate that the g-norm of T'f as follows

T3 < 2% /OOO A" ([T galgn /)™ + ([Thalg, /)] dev

< 29 / T [(Collgallpo /@)™ + (Callal [ /)] dax
0

19 19 go/po (114)
<aqcp [ v (Po / ﬁpﬂlAf</3>dﬁ) da
0 A

0 A a1/p1
raet [Tarent (o [T o)
0 0

If we denote, xo and y; the characteristic functions of the sets {(«, 5); 8 > a”} and

{(a, B); B < %} and ¢;(a, B) = x;(a, B)ald=u=VPi/a gPi=1 X (), we can conclude
from (1.14) that

1 oo ) aj/pj
Tf|ps < S 2900 1P / ( / ¢j<a,5)d5) da. (1.15)
=0 0 0

By the assumptions of this case, 1 < ¢;/p; < oo, for j = 0,1. This allows us to use



the Minkowski’s inequality and conclude that

95

| (/Omma,ﬁ)dﬁ)”da
. LU (1.16)
< (/OOO (/f@(oe,ﬁ)f’?da)”dﬁ) -

If g0 < q1, we have that q% < % < qio (and qp < ¢ < q1), also we assumed py < p1, SO
po < p < p1. Consequently, o is positive and we have the identities

PO

Po

_ /0 * ( /0 " oﬂqolda> " g1y (8)d8

00 5((1*qo)/¢7 %8 o
-/ ( ) B (8)dB
0

qd— 4
— =) ® [ a(8)d
(4 ) /O BN (8)d8

_r0 »
=(q—q0) ©p|If},

and

[ ([ et [

(g—a1)/o\ a1
_ /0 (5 ) 871\ (B)dB

q1—¢q
_r »
= (@ —q) ap|IfIP.

p1

/ aq—(h—l(ﬁpl—l/\f(/g));ﬁda)qldﬂ

ﬁl/n‘

If go > ¢1, then we have that qio < % < q%' As before, we can conclude that

/0 (/0 ¢j(a,ﬁ)g‘da) " dp = g5 — Q\_%p‘l\\f\\ﬁ-

10



Using the above, with (1.15) and (1.16), we prove that
1 q;/p; 1/q
; Dj 5/ Pj 1
sup{[|7fl, < 1]l = 1} < B = 2"/ (Z i (5) 4 = 7! ) - ()
=0

Finally, this implies that ||T'f||, < B||f|l,-

Third, suppose that gy = oo or ¢; = co. Here, we may consider three subcases:
D)pr=q =00,2) g < q = o0 with pg < p1 < o0 and 3) ¢p < ¢4 = oo with
P1 < po < 00.

1) In the case p; = ¢ = 00, by assumption py < gy < ¢1 = 00, the clever option
of A is a/CY since the function h, satisfies that

||ThA||oo < Cl||hA||oo <«

and then Arj,, (o) = 0. Using (1.12), qo < ¢, po < p and gpy = qop, we have
/|Tf|qu < Qqq/ ? \py, (@)da

< 29 / AT (Col gl /)
0

e’} [ee] qo/po
<wacpu™ [Tare ([T prnas) de
0

A

oo
0

© (1.18)

00 18 w0 % PO
<oacpa ([T ([ ar et @)Fan) " as
0 0

90

_ - > . ro(a—ag) PO
= 2gcper - wl ([T o o)s" 5 as)
0

— o0 Do 90/P0 _
=2qCC 0 e =l A1

2) In the case gy < ¢1 = oo with py < p1 < 0o, we choose A such that A\, (a) =0
as well. Observe that in this case,

IThall < CPIlhally = O [ a7 v (@)da
0

A A
:Cflpl/o P I (a)da < Cfl%Aplpp/o o I\ (a)da

< oA A,
p

11



Therefore if we choose A = (a/d)P"/ "1 =7) with d = Cy(p1|| f|[5/p)P", we have || Thal| <
a. As before, we have that

00 [e%¢} qo/po
/ T f|7dx < 29qCEpE"™ /0 a0t ( /A B”O_l)\f(ﬁ)dﬂ) do
0

Po Do
a0 Po

00 dg P1 .
<ogcp | [ [ e n@)ida | ds
0 0

pP1—p

40

. it I ?0 (1.19)
—zgcg | [ [ aretaa ) aias
0 0

g0

_ QQQCQO qo/POdq qo q_qO (/ B pl ) qo 9)po+po— 1 (/B)dﬁ) "

Pao
= 209 A" (g — o) 11

Where we use the fact that (®-2)(“_%)pg + po — 1 = p — 1. This is true since the

limit value of (1.13) when ¢; — oo says that -2 = 2009

We can conclude that
p1i—p  qo(po—p)”

sup{|| T f11: 11 /11, = 1} < B := 2 (¢C2CP (p1 /p)"(q — q0) ) *

and therefore
[T flly < Bl fllp-

3) In the last case in which g9 < ¢ = oo with p; < py < 00, we choose A =
(a/d)o/@o=P) with d = Cq (pol| f|2/p) /70 The reason for this choice is that by (1.11)

I TgallZe < C5°llgallpy
<cptamry [ pri(es (1.20)

A
< 20 gror) ppp
p

and this choice of A would imply that Apy, () = 0. We omit the rest of the compu-
tations, since these are analogous to the subcase 2). ]
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Chapter 2

On the regularity of the
Hardy-Littlewood maximal
function

We start the study of the differentiability properties of the maximal function with
the theorem presented in the work [7].

2.1 The Maximal Function of a Sobolev Function

Let us start with some basic definitions of Sobolev spaces. We represent with
WhP(RY) for 1 < p < oo the functions in f € LP(R?) whose weak partial derivatives
D; f belong to LP(R?) for i = 1,...,d. We consider W'?(R%) a normed vector space
with || f|]1, = ([|f]|5 4+ >, | Dif]|E)?. The idea is to study whether or not the map
[+ Mf is bounded from W'P(RY) to W'P(R?). By the comments after Theorem
1.1, we know that the maximal function of an integrable function is never integrable,
we have that this is false for p = 1.

Theorem 2.1 (Kinnunen [7]). Let 1 < p < oo. If f € WYP(RY), then Mf €
Whr(RY) and

almost everywhere in R?.

An important remark is that (2.1) says that if f € WP(R?) for 1 < p < oo,
1M fllp < ApllFllps (2.2)

where A, is the constant of the Theorem 1.1 part iii).

13



Proof. Let f € WhP(R?). Observe that if we denote y,(r) = mfg(&’rr))) we can rewrite
the maximal function as

M f(z) = sup|f] * x-(z). (2.3)

r>0

Also, for every r > 0, |f| * x, € WHP(RY) and D;(|f|* x») = x» x Dilf], i =1,...,d.
This happens since |f| € WP(R?), in fact

D;f if >0,
Dilfl(z) = q 0O if f=0, (2.4)
_Dif iff<0

(see Lemma 7.5 in [6]) and

L@@ = [ [ 15 -a)xtirda) da

B / 170~ )16/ (@) e x(w) dy
B / [ Dilfy = 2)l6(@) dex(v) dy
_ / Dilf| x(@)() de.

for every differentiable function ¢ € C®(R?). By Young’s inequality and (2.4),
D1 )l < N1Dil Flllp = 1D f -

We can restrict the supremum of the definition of the maximal function in (2.3)
to positive rationals. The reason is that as a function of r,

1
(7)) = ——r d
1l * (@) / L

m(B(z,r))
is the product of two continuous functions. The Lebesgue measure is continuous and
f is locally integrable. Now, let {r,} be any enumeration of the positive rational

numbers, and define
gm(x) = max |f]*x,, (z). (2.5)

1<n<m

Clearly g, is a nondecreasing sequence of functions, in the sense gy, () < gy ()
for any my, my € N, m; < my and for any x € R? and

[lgmlly < [[Mfl, (2.6)

14



We prove that g,,(r) — M f(x) as m — oo for almost every z € R?. Suppose that
M f(z) < oo and fix € > 0, there exists a rational ry such that

Mf(l') —e< |f‘ *XTN(x)7

we can conclude that

(M f(x) = gm(z)| = M f(2) — gm(2) <€ (2.7)

for every m > N. Finally, by Theorem 1.1 part i), m{x; M f(z) = oo} = 0. In
conclusion, this pointwise convergence holds up to a set of measure zero of R?.
Now notice that for any pair of functions g, h, from the equality

max{g(z), h(z)} = %(g(m) + () + [g(x) — h(z)])

and (2.4) we can show that {g,,} is a sequence of functions in WP(R?). In addition,
we can also observe that for every m > 1

Dign(@)] < max Di(|f]* xe,)(2)
= max xp, * Dil f|(2) (2.8)
< MD;i|f|(x) = MD;f(x),
for i = 1,...,d and almost every x € R%. Therefore
1Digmllp < [[MD;fll, < Apl[Difll, (2.9)

using Theorem 1.1 part iii). The inequalities (2.6) and (2.9) imply that for m =
1,2,. ..

d
19l 116 = 11gmllp + D 11 Digunlly

i=1

d
< 4, <||f||p Y ||Dif||p>
i=1

= Ayl flhp < oo

(2.10)

Hence, {g,,} is a bounded sequence in W1P(R¢) which converges pointwise to M f
almost everywhere. The space W1P(RY) is reflexive for 1 < p < oo and the weak
compactness of W1H?(R?) implies that there exists a subsequence denoted by {g,,}

15



as well, that converges weakly to some g € W1P(RY). We prove that M f = g almost
everywhere. Let ¢ € C°(R?) be a smooth function of compact support, then

‘ [to= 21100

< ‘/(9 = gm)dz

" ' J

(2.11)

< ‘ [0 gmoda| + = M5l lolly = 1+ s

for every m = 1,2, .... On one hand g, converges weakly to g, hence [,,, — 0. On the
other hand, J,, — 0 using the Dominated Convergence Theorem. This implies that
J(g— Mf)pdx = 0. Since ¢ is arbitrary, it follows that M f = g almost everywhere
in R? and therefore M f € WHP(R?). This also implies that D;g,, converges weakly
in LP(R?) to D; M f because, for every ¢ € C>°(R?)

/ DM fodr = — / M fD;pdz

(2.12)
=—lim [ g,D;¢dx = lim / D;gnmode.
m—00 m—o0
This weak convergence also implies that for every i =1,...,d
|D;Mf| < MD; f (2.13)

almost everywhere in R?. Suppose that this is not true, and B = {x;|D;M f| >
MD:;f} has positive measure for some i; for our purpose we can assume it has
finite measure. The characteristic function yp belongs to L? (with ¢ such that
¢t +p ' =1). Hence,

lim /|Digm|Xde:/|DiMf|Xde>/MDifXde
m—00

which is impossible since (2.8) implies [ |D;M f|xpdx < [ M D, fxpdz. O

There is another way to prove the last part of this theorem. Certainly, D;g,, con-
verges weakly in LP(R?) to D;M f, Mazur’s corollary (See for instance [2], Corollary
3.8) tell us that there exists a sequence made up of convex combinations of {D;g, }
which converges to D;M f in norm LP(R?). Consequently, a subsequence of these
convex combinations converges pointwise almost everywhere to D; M f, we are done
because this subsequence is dominated by M D;f by inequality (2.8).

16



The previous theorem also holds for p = oo, the proof is very simple using a
characterizations of Sobolev spaces given in Proposition 9.3 of [2]. Let f € W1,
h € R? and denote 73,(M f)(x) := M f(z + h). Hence

mn(M ) = M flloe < [[M(70f = Fllos < lImnf = flloe < Clh

where we have used the sublinearity of the maximal function and part iii) of Theorem
1.1.

2.2 Application: capacity and quasicontinuity

In [7], the author noticed that Theorem 2.1 implies immediately a weak type of
inequality for the Sobolev capacity. First, let us define the Sobolev p-capacity of
aset £ C R? as

d
CyE) = it [ 1fr+ Y IDupds
Re i=1

fEAE)
where A(FE) is a collection of functions

A(E) = {f € W'?(R%); f > 1 on a neighboorhood of E}.

If this class of functions is empty for a set E, the p-capacity is defined as co. Also,
functions on A(FE) are called admissible functions for £. We mention some interesting
properties:

e The Sobolev p-capacity is an outer measure: it is monotone and countably
subadditive.

e It is outer regular: C,(E) = inf{C,(U); E C U, U is open}.
e The inequality m(E) < C,(E) always holds.

For more properties see references in [7].
Let f € WIP(R?), and let A be a positive number. Denote

By = {a; Mf(z) > \}.

17



By Theorem 2.1 the function M f/\ € WP(R?) is admissible for the set Ey. The
inequality (2.13) implies that

B <5 | |Mf|”+Z|D M fPda

1
<= [ | MD;f)
<w L f|+;( S
Ap d
< 22 (Il + S IDifie
i=1

AL,
AP

(2.14)

We will say that a property holds p-quasieverywhere if it is true, except on a
set of Sobolev p-capacity zero. It is an analogous property to the Lebesgue almost
everywhere. Now, a function f is p-quasicontinuous in R? if for every € > 0 there
is a set F' such that C,(F) < ¢ and f is continuous and finite in the complement of
F.

There are some properties of p-quasicontinuity that are very useful, for a proof
see the references in [7].

e For each f € WP(R?) there is a p-quasicontinuous representative. This means
that exists a p-quasicontinuous function f € WP(R?) with f = f almost
everywhere.

o If f,g € W'P(R?) are p-quasicontinuous functions and f = g almost every-
where, then f = g p-quasieverywhere.

e The p-quasicontinuous representative of a Sobolev function is unique in the
sense considered above.

Theorem 2.2. If f € WY(R?), 1 < p < oo, then M f is p-quasicontinuous.

Proof. First, we prove that M f € C(RY) N LP(RY) if f € C(RY) N LP(R?). Let

18



x,h € R? and ¢ > 0, then there exists r. > 0 such that

1
m(B(z,r)) /B . () () = f(y)l dy

s(gﬁizﬁyé@mumn@»—ﬂwww)w

7af = flls
= (B

21 £1l,
= (Bl
<e,

for every r > r.. Notice that we have used the Young’s inequality in the first
inequality. If r < r., there exist 6 > 0 such that

1
B o 0 = 0l < s g - <

for every |h| < 0. We deduce that
(M f)(2) = M [f(z)] < M(7f = f)(z) <€

for every |h| < §. Then M f € C(R?), the Theorem 1.1 proves that M f € LP(R?).

Let f € WHP(RY) and a sequence of functions {p;} with each ¢; € Cs°(R?) and
0; — fin WHP(R?). By the weak inequality (2.14) there is a set F of capacity
zero, C,(F) = 0 and M f is finite in the complement R\ F. Denote again {¢;} a
subsequence, such that

i = fIlT, < (4°4,) 77
This implies that on the set E; = {x € RI\F; M(¢; — f)(x) > 27}, fori =1,2,....
Using one more time the weak inequality (2.14) we have

Cp(E;) < 2P AP||; — fIIF, <277
Using the subadditivity property of the p-capacity, for
Iy = Uiz B
we have that '
Cp(Fj) < 22_”’ < 0.

2]
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This proves that C,(F;) — 0 as j — oo. The convergence M¢; — M f is uniform in
R\ F}; due to 4
[Mgi(x) = M f(x)] < M(pi — f)(z) <27

for every x € RN\F; and ¢ > j. As the uniform limit of continuous functions is
continuous, M f is continuous in R\ F;. We are done if we let F' = N>, F; in the
definition of p-quasicontinuity. O
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Chapter 3
The regularity at p =1

Despite the fact that M does not map W11(R?) to itself since M f is not even
in L'(R?), Tanaka’s Theorem [12] gives an interesting alternative that we want to

present. Tanaka proved that if f € WU (R), the DM f € L*(R) and ||[DMf||; <
c||Dfl|]y for ¢ = 2. This inequality is an analog to the result of Kinnunen, observe
that (2.1) and Theorem 1.1 part iii) implies ||DM f||, < A,||Df]|, for 1 < p < oo.

3.1 Tanaka’s theorem

As Tanaka remarks in his paper [12], Theorem 2.1 can be also proved for the non-
centered maximal operator. Instead of (2.5), we can take the sequence

gm(x) = max [f[*xp, (), (3.1)

1<n<m
x€By

where Y is the indicator function of the ball B,, normalized by the Lebesgue measure.
The collection {B,,} is an enumeration of balls centered in a countable dense subset
of R? and positive rational radius.

Theorem 3.1 (Tanaka [12]). If f € WYY(R), then M f has a weak derivative and it
15 an integrable function. Moreover,

ALYl < 211f1h-
We prove some propositions before going to the proof of the Theorem 3.1.

Proposition 3.2. Let f € WHY(R), then M f is bounded.
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Proof. Without loss of generality, we can assume f is absolutely continuous function,
see Theorem 8.2 in [2]. Since it is differentiable with derivative f in L*(R), f must
be bounded.

()] < 1£0) +/0x|f’(y)ldy < 1O+ 171 < ¢ < oo.

By Theorem 1.1 part iii) the conclusion follows, since Mf (x) <e. O

Definition. For a locally integrable function f on R, define the one-sided maximal
operator functions M;f and M, f by

Mif(@) =sup - [ " w)ldy,

s>0 S —S

T+t
Mof@)=suwpg [ 1)y

t>0

Proposition 3.3. Let f € L}, .(R). Then

loc

M f(z) = max { M, f(z), M, f(x)} .

Proof. On one hand, we have the inequalities
Mf(x) > Mif(z) and Mf(x) > M, f(z).

It implies Mf(x) > max{M,f(z), M, f(z)}. On the other hand for s,¢ > 0,

s+t s z x+t
= [ W= =t [l =7 [ iy

s+t ), s+ts

< M @)+ M)

< maX{sz(13)7 Mrf(x)}7

which implies ]Tff(x) < max{M,f(z), M, f(z)}. O

Proposition 3.4. Let f € WH(R). Then M;(f) and M,(f) are continuous and
vanishes at infinity.
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Proof. 1t is enough to prove the result for M, (f) since the same reasoning can be
applied to M;(f). If f € WHL(R), we can assume it to be continuous, and therefore
uniformly continuous, see Theorem 8.2 in [2]. Let z,h € R and € > 0, there is r. > 0

such that L et
) - sy < 2 <

r

if » > r.. Since f is uniformly continuous, for 0 < r < r., there exists § > 0 such

that [f(y1) — f(y2)| <reif [f(y1) — f(y2)| < 4. Then

x+r
l/ |fo(y) — f(y)ldy < e, for [h] <.

r

This implies that M,(f, — f)(z) < e for |h| < ¢ and
| (70 (M f)(2) = My f(2)] < My(Tnf — [)(2) < €

In conclusion M, f is continuous.

We will prove that M, f(z) — 0 if + — —oo. Proving that M, f(z) — 0 if
r — +00 require minor modifications to our argument. Let € > 0, since || f||; < oo
there exists R. > 0 such that @ < 5 ift > R.. Since f vanishes at infinity, there
exists Q= > 0 such that |f(y)| < 5 if |y| > Q.. Consider x < —(Q- + R.), there exist
t > 0 such that

T+t
Mfa) -5 <y [ 1wl

We have to consider the following two cases

Case (i) x +t < —Q.. We have that x < y < x 4 ¢, and therefore on this interval
ly| > Qe, this implies that M, f(z) < e

Case (i) v +t > —Q.. We have chosen —z > Q. + R then t > —Q. —x > R..

Therefore,
1 ||f e
- dy e
Pl < <2

and also M, f(x) < e. O

Proposition 3.4 has two relevant consequences for the proof of the Theorem 3.1
as we will see. First, combining with Proposition 3.3, M f is continuous. Second, the
set

E={zeR;Mf(x)>|f(x)}
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is open and so E can be written as countably union of disjoint intervals, say
E =U;l; = Uj(e, 5;).
Lemma 3.5. Using the notation above, the following facts hold
(1) M,f is a non-increasing function on each I;.

(1) M,f is a locally Lipschitz function on each I;. In particular, M,f is an abso-
lutely continuous function on each compact subinterval of I;.

Proof. Part (i). Let K = [a, 5] C I;. It suffices to prove that M;f is nonincreasing
on K. We know that M, f(x)— f(z) > 0 on K and the continuity of M;f —|f| implies

€:= HH[I(I M, f(x) —|f(z)| > 0. (3.2)
s
By the uniform continuity of |f| on R there exists § > 0 such that
@) <If@]+5 forallee K, ly—a| <o (3.3)

The definition of € and (3.3) imply that

M f(x) = Supl/x |f(y)|dy, forallx e K. (3.4)

s>8 S

For if M,f(z) = sup,cs5+ [ . |f(y)|dy for some x € K then using (3.3) we deduce
that M;f(z) < |f(x)] + 5 and then a contradiction to the definition of . We will

prove that
M f(x —h) = Mif

Suppose that s >, z and h as in

I P L SR £ T

< 2= afe -+ = @)+ 5
gmw{Mﬁ@—hLU®ﬂ+g}

From the above and (3.4), we deduce that

() forx—h,xe K,0<h<§. (3.5)
n (3.

5). By the above, we have the following

M f(x) < maX{le(x— h),|f(z)] + %}
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Since the definition of ¢ implies that M, f(x) > |f(z)| 4+ ¢ we have (3.5).

Part (ii). Let K as in part (i) and § such that (3.3) holds. Now suppose that
z,x+h e K, h>0,and s > 4. From part (i)

1 1

T T 1 z+h
sy - s n <5 [ sy - [ 1wl

x

1 [ 1
<t Wwlay =5 [l

— s [ lay < =
< le(a)h.

- )
Now, taking the supremum on the left side of above when s > §, we obtain
]

Proposition 3.6. If f € WY(R), then M;f and M, f are weakly differentiable and
the weak derivatives are integrable functions. Moreover,

)Tl < s (TOEF) Tl < 1L

Proof. We prove the result only for M, f since it is analogous for M, f. We can write

Foiff>o0,
IfI' = 0 if f=0,
_f i f<0
almost everywhere in R, therefore, |||f|'|[1 = ||f’||1. Observe that on every (o, 3;) C

E, M,f is differentiable almost everywhere by Lemma 3.5, let us denote v such
function which satisfies v < 0 on E. On the set ' := R\ F, by continuity M,f = |f|,
and so we prove that

(Mif) = xgv + xrlf]" (3.6)
Let ¢ € C°(R), we will prove that:

[ Mty = 156100 - 1f@lolen) — [ vwetds. 67

I;
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It is possible that a; = —0o or 8; = oo, but we know that f vanishes at infinity and
Proposition 3.4 holds, so we let M;(a;) = M;(8;) =0 and f(«;) = f(5;) = 0. Using
Lebesgue dominated theorem

B; 8 B
Mif(y)¢' (y)dy = lim | Mif(y)oly + hf)b sz(y)cb(y)dy

@

1 Bj+h Bj
= lim ~ { M f(y — h)o(y)dy — sz(y)¢(y)dy}

h—0 h O(j-f-h a;

1 Bi+h aj+h
= lim = { Mf(y —h)é(y)dy — / M f(y — h)d)(y)dy}
Bj a

i [P My —h) = Mif (1)} é(y) "
h—0 a; —h

= MFE)OE) - M (@lola) ~ [ o)

I;

Equation (3.7) follows, since M f(a;) = |f(a;)| and M f(B;) = |f(B;)|. Using (3.7),

we can deduce
/R M (9)6 (y)dy = /E Mif ()6 (y)dy + / M (9) & () dy
= S 1103 = |Fla)iétas) = [ vwowdy+ | Mift)e )y

- /E 1F 6w dy — /E v(y)6(y)dy + / ()16 )y
- / W)l 6(y)dy - / o(y)ély)dy + / ()19 )y
=év<w @—/ @—/V K

—— [ 1oty - /<><>

- / )0w) + xr W) Sy)dy,

which proves (3.6).

26



On each interval I; the weak derivative v is non-positive, so we have

[ 1oldy = Mis(a) ~ Mf(5) = 17| = 15(55)

—— [ 1< [ lswiiay

(M) H1— /WxE 9) + xr W) 1/ (w)ldy

=éwmwfémwwy
SAW@H@ﬁLM@Wy

=1/l

We obtain the result since

]

Lemma 3.7. Let f and g be integrable functions and set F(x f f(y)dy, G(z) =

I 9(y)dy and H(x) = max{F(z),G(x)}. Then the weak derivative of H is an
integrable function, and

HH [ < [1f1]x + [lglh

Proof. The result follows from the equation

max{F(z), G(z)} = % {F(z) + G(x) + |F(x) — G(x)[}

and the chain rule for weak derivatives. O]

Proof theorem 3.1. Combining Proposition 3.3, Lemma 3.7 and Proposition 3.6 we
obtain that M f has an integrable weak derivative and [[(M f)'||y < |[((Mif) |1 +
M) < 2[1 [ O
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Chapter 4

Discrete analogues of the maximal
function

What we have reviewed in the precedent chapters can be also translated in a discrete
setting. For simplicity, we will only present the one dimensional case on the discrete
maximal operator.

We will present in this chapter two theorems of the work [1]. The first shows

that for a function of bounded variation f, the non-centered maximal function M f
has also bounded variation and Var(M f) < Var(f) and the second theorem states
that for a function in !, the centered maximal function M f has bounded variation
controlled by f as Var(M f) < ¢||f||,x. We use the ideas in [8] to show that ¢ = 2 is
the lowest positive number that can be used in this inequality. Formally, we want to
show, for the non-centered maximal function, the following theorem.

Theorem 4.1. Let f : Z — R be a function of bounded variation. Then
Var(]TJ/f) < Var(f),

and the inequality is sharp.
While for the centered maximal function, we want to show the following

Theorem 4.2. Let f: Z — R be a function in (*(Z). Then
Var(M f) < 2[|f]le@),

and the inequality is sharp.
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4.1 The discrete one-dimensional setting

Let f : Z — R a discrete function and let Z* = {0,1,...}. The discrete centered
Hardy-Littlewood maximal function is defined by

while the non-centered version is defined by

Mf() Z+s+r+1z|fn+k

r,8€ ke —p

We establish the following conventions. For 1 < p < oo, the fP-norm of a function

f:Z —Ris /
00 1/p
fller@) = ( > !f(n)!p> :

and ¢*°-norm

[ flle=z) = sup [ f(n)].
ne’l

Consequently, the space ¢P(Z) consists of the functions f defined on Z with values
on R such that || f||e@z) < co.

We define the derivatives of a discrete function by
/

f'(n) = fln+1) = f(n),

f'(n) = f(n+2) =2f(n+1) + f(n),
(n)
(Z)

e (n_|_3)_3f(n—}—2)—{—3f(n+1)_f(n)

and so on. If f € ¢P(7Z), it is possible to check that for any k£ > 1,

1F v zy < 28] Fllen )

using the Binomial theorem and Jensen’s inequality. This means that the analogous
Sobolev spaces w*?(Z) are again the spaces 7.

Let f:Z — R. The total variation of f is given by

Var(f) = [|f'llo@ = > If(n+1) = f(n)].

n=—oo
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Example 4.1. Consider the function

f<n):{ 1 ifn=0,

0 otherwise.

Notice that
-1 ifn=0,
f'(n) = 1 ifn=-1,
0 otherwise.

and so Var(f) = 2. Now observe that for s,r € Z™,

k=s
1 —L _ ifpn—r<0<n+s
— r+s+1 — — )
r+s+1 k_z_ |f(n + k)] { 0 otherwise.

A short analysis says that both the non-center and center maximal operators attain
its value and

1
— 1
Mf(n) = T

It is casy to check that Var(Mf) = Var(Mf) = 2. This example motivates the
following;:

Proposition 4.3. Let f : Z — R. If f € (}(Z), then the centered (non-centered)
mazximal operator attains its value.

Proof. The idea of the proof is based on the fact that f(n) — 0 when |n| — oco. Let
n € Z, we want to proof M f(n) = ﬁ ST |f(n + k)| for some 7 € ZT. Because
of translations, we can assume n = 0. Fixed € > 0 there exists N € Z" such that

|f(n)| < e for |n| > N. For every m > N, the average can be decomposed as

k=N

1 = 1 2(m — N)
om + 1 2 R < 57T > Ifk)+e om 1

k=—m [

we notice that the averages goes to zero as m — 0. Clearly, there must exists r € Z*

for which 2r1+1 er_r |f(k)| equals M f(0). A similar analysis proves that result for

the non-centered maximal operator. O
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4.1.1 On the non-centered discrete maximal function

We will say that a point n is a local maximum of f if

fln=1)< f(n) and  f(n+1) < f(n)

and similarly, we will say that a point n is a local minimum of f if
fn=1)=f(n) and  fn+1)> f(n).

Lemma 4.4. Let f : Z — R be a bounded function. If n is a local mazimum of Mf,
then M f(n) = | ()]

Proof. Without loss of generality, we can assume that f is non-negative. We prove
this lemma by contradiction, we let n to be a local maximum and M f(n) > f(n)
Case 1. If M f(n) is equal to the average on the interval [n — r,n + s] for some

r,s € Z*. This interval cannot be degenerated by assumption, so it may contain
n+ 1 or n — 1. In the former, we have the inequality

k=s k=s—1
1

1 —
m’;rf(nw):mkz fn+1+k) < Mf(n+1)

=—r—1

Mf(n) =

which is a contradiction. In the later, if the interval does not contain n+ 1, we must
have s = 0. Taking an average on [n — r,n — 1] for n — 1 we have

Mf(n—1)> Z fn—l—):lzf(n—k;)

k’f—’r—i-l k=—r

and then . . .
Mf(n) < (r+1)Mf(n)—rMf(n—1) < f(n)

Case 2. If M M f (n) is not attained for any r, s € Z". In such case, we can prove that

Mf (m) > M Mf (n) for every m € Z, therefore, n cannot be a local maximum. Let
¢ > 0, such that ||f||ee = ¢. Fix m € Z with m > n (the case m < n is similar).
Given € > 0, there exists r, s > 0 sufficiently large such that

ﬁ{if”+k)}>Mf( ) —e.

k=—r
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Now, consider the average of length r 4+ s + 1 for m:

k=s
M(m) > ﬁ {kz flm + kr)}
1 k=s
T rts+l {kgrf(n+k)}
1 k=m—n+s k=s
Al {kzmznrf(n +k) — ;Z:rf(n -+ k)}

Now we are ready to prove the first theorem of this chapter.

Proof of Theorem 4.1. Notice that the equality is attained in Example 4.1, this
proves the the constant C' = 1 is the best possible for an inequality of the form
Var(M f) < C Var(f). If f has bounded variation, we have

()| < TFO)] +[f(n) = fO)] < |F(0)] + Var(f) < oo

and therefore f is bounded. Without loss of generality, we can assume that f is
non-negative since Var(|f|) < Var(f). Observe that to study the variation of M f,
we can consider only its values on the critical points. Even more, we can reduce the
analysis of it to and alternating sequence of local maxima {a;};cz and local minima

{bi}i€Z7
e <bg<ag<b <a_1<by<ag<b <a <by<ag<... (4.1)

We choose this sequence in a way that the second equality in (4.2) holds. The

sequence (4.1) can be infinite or finite depending the behavior of M f asymptotically.
Therefore, consider the following two cases.
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Case 1. If the sequence (4.1) is infinite in both sides, using the Lemma 4.4 we have
Var(Mf) = Y [Mf(n+1) - Mf(n)
= > (W fais) = NF(5) + (BT f(ar) - DI F(b)
= Z (fla;_1) — M f(b;)) + (f(a;) — M f(b;))

1=—00

i=—00

< Var(f).

Case 2. If the sequence (4.1) is finite in one or both sides, the cases can be treated in
the same way using (4.2) with few modifications. Observe that if last critical point
a, is a local maximum, the sequence M f(n) becomes non-increasing, and since it is
bounded, the limit of the tail exists, say

lim Mf (n)=c

n—oo

and then
liminf f(n) <ec.

n—oo

Denote the local variation as
b—1
Var(f)as = Y If(n+1) = f(n)|

for a,b € 7Z, possibly +00. Therefore using Lemma 4.4 we have,

Var(Mf) = Var(Mf)[,oqak} + Var(]/\\]f)[akﬂroo]

i=k
= > (Mf(ai1) = Mf(b:) + (Mf(a;) = Mf(b:)) + (M[(ax) = c)
e
= 2 (flai) = F(bi) + (f(ai) = F(bi) + (f(ar) =)
< Var(f)[-oo,m) + Var(f) oy, +o0) = Var(f).
The other cases are treated with minor differences. O

33



4.1.2 On the centered discrete maximal function

The authors in [1, 8] have studied an analogous result for Theorem 4.1, this is not
an easy task, however, they considered f € ¢! which is an stronger condition.

Proof of Theorem 4.2. Using Example 4.1 the equality is attained. By Proposition
4.3, we know that for all n € Z there is an r,, € Z", such that

k=r,

Mf(n) = Ay, f(n)

=—rn

Define the sets

X" ={neZ;Mf(n) = Mf(n+1)}

and
T ={neZ:Mf(n) < Mfn+1)}

Consequently

Var(Mf)= Y Mf(n) = Mf(n+1)+ > Mf(n+1)—Mf(n)

nex— neX+
<D A fn) = A f(n+1) (4.3)
neX—
+ Z Arn+1f(n + 1) - ATn+1+1f(n>’
nex+

The idea of the proof consist in estimating the contribution to (4.3) of the term
corresponding to f(m) for any given m € Z. Without lost of generality, we can
assume that f is non-negative.

Case 1. If n € X~ and n > m. In this case, the term corresponding to f(m) in

A, f(n)— A, pf(n+1)is0if m <n—r, or % — 2’;(—+3 if n —r, <m, in the
last case we have
fm) — flm) 2f(m)
2r, +1  2r, +3  (2r,+1)(2r, +3)
2f(m)
~ (2(n—m)+1)(2(n —m) +3)
~ fm) f(m)
C2(n—m)+1 2(n—m)+3



Case 2. If n € X and n > m. In this case, the term corresponding to f(m) in
A, f(n+1)—A, . 41f(n) is non-positive if m < n —1r,11+1 or QT{L(EZLI — QT{XT%
if m>n—r,.1+ 1, in the last case we have

fm)  fm) 2f(m)
2’/“n+1 +1 2Tn+1 +3 <2Tn+1 + 1)(27"n+1 + 3)
- 2f(m)
“2n—-m+1)+1)2n—-—m+1)+3)
_ fm )
2n—m+1)+1 2n—m+1)+3
o fm) )

2m—m)+1 2(n—m)+3

Case 3. If n € X~ and n < m. In this case, the term corresponding to f(m) in
A, f(n) — A, 1 f(n+1) is non-positive if m > n+r, or £ — Jm).

: Srarl ~ 2rngs LS T,
in the last case we have

o) fm) _ 2f(m)
2r,+1  2r,+3  (2r,+1)(2r, + 3)
2f(m)
~ (2(m—n)+1)(2(m —n)+3)
Cdm fom)
2(m—n)+1 2(m—n)+3
O R I

2m—n—-1)+1 2(m—-n—-1)+3

Case 4. If n € Xt and n < m. In this case, the term corresponding to f(m)

in A, fin+1) — A . y1f(n)is0if m >n+r,yq+1or 2T{L(jﬁrl — 271];(:?13
m < n+r,1 + 1, in the last case we have
fm)  fm) 2f (m)
2Tn+1 -+ 1 27‘n+1 + 3 (27‘n+1 + 1)(27‘n+1 + 3)
3 2f(m)
“2m-n—-1)+1)2(m—-n—-1)+3)
f(m) 3 f(m)

2m—n—-1)+1 2(m-n—1)+3
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This implies that the terms corresponding to f(m) in (4.3) are bounded by the
expression

f(m) f(m)
Z2(n—m)+1_2(n—m)—|—3

n>m

f(m) f(m)
+Zg(m_n—1)+1_2(m—n—1)+3:2f(m)'

n<m

In conclusion, we have proved the theorem since

m=0oQ

Var(M f) < Z 2f(m) = 2|[flle ).

m=—0o0
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Chapter 5

Maximal operators of convolution
type

In this chapter, we will introduce two maximal operators, the heat maximal operator
and the Poisson maximal operator. The reason for their names will appear soon after
their definitions. This part of the report is based on the paper [4].

Our purpose is to present some results on these maximal operators defined by
convolution. In the paper [4], the authors address the question of whether these
maximal operators can decrease the variation (or LP-variation) of a function, also if
this variation is bounded with respect to that of the initial data. In other words, the
results in this paper shows under what hypothesis we can prove that:

e For p > 1 and a function f € WHP(RY), the maximal function of f, denoted
by M, f belongs to W'?(R?) and the inequality

IDM fll, < ClIDfI],
holds for C' = 1.
e For f € BV(R), then M,f € BV (R) and the inequality
Var(M,f) < C Var(f)
holds for C' = 1.

To clarify, given a function ¢ € L'(R?), such that [, = 1, we let the approx-
imation of identity to be ¢;(x) = t~%p(z/t). The maximal operator M, f is defined
as

M, f(x) = igg(\f\ * o) ().
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Note that this definition coincides with the Hardy-Littlewood maximal function when
we use the indicator function ¢(x) = xp(,1)/m(B(0,1)).
An important comment is that the Theorem 2, Chapter III in [10] give us the
pointwise inequality
M, f(x) < AMf(2) (5.1)

for A > 0. This implies that the operator M,, is of weak type (1, 1) and strong type
(p,p) for 1 < p < co. Now, repeating the arguments in Theorem 2.1, we can prove
that for p > 1,

IDM, [, < C DSl (5.2)

for a constant C' > 1. Hence, using the inequalities (5.1) and (5.2), M, : W'P(R?) —
WhP(RY) is a bounded operator.

For the sake of our discussion, first we give some definitions and announce the
theorems of [4] and finally we give their proofs.

5.1 Poisson maximal operator

Given fy € LP(R?), with 1 < p < oo and the Poisson kernel given by

d+1
cay : I' (5~
Py(r) = —————5 with ¢q = (dfl),
(|2 +y?) 2 o
the Poisson maximal operator is given by
fr (@) = sup(|fol * P,)(x). (5.3)

y>0

As in the heat maximal operator, the Poisson maximal operator is motivated by
the solution to the Laplace’s equation

Af=0inR x (0, 00),
with boundary condition

lim f(z,y) = fo(z).

y—0t

The solution to this problem is given by

f(a,y) = (Jox By) (). (5-4)

We prove the following theorem, which is analogous to the Theorem 5.2.
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Theorem 5.1. Let f* be the Poisson maximal function in (5.3). The following
propositions are true.

(i) Let 1 < p < oo and fo € W'P(R). Then f* € W'P(R) and
) T < (1 follp-

(ii) Let fo € WH(R). Then f* € L>(R) and has a weak derivative (f*) that
satisfies

1) Tl < (gl

(iii) Let fo : R — R be a function of bounded variation. Then f* is a function of

bounded variation and
Var(f*) < Var(fy).

(iv) Let d > 1 and fo € WHP(R?), with p=2 or p=occ. Then f* € W'P(R?) and
D) < 11D follp-

5.2 Heat flow maximal operator

Given fy € LP(R?), with 1 < p < co and the Gauss kernel or heat kernel given by

1 2
_ —|z|? /¢
Ki(z) = (47Tt)d/2€ ,
the heat flow maximal operator is given by
(2) = sup(| ol + K@) (5.5

An important motivation to consider this maximal operator is that the function
f:R?x (0,00) — R defined as

[z, t) = (fox Ki)(z)
solves the heat equation
Of +Af =0, in R? x (0, 00)
with boundary condition

1tlir(r)1 f(z,t) = fo(x), almost everywhere z € R%
—Ux

We prove the following theorem about this maximal operator.
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Theorem 5.2. Let f* be the heat flow maximal function in (5.5). The following
propositions are true.

(i) Let 1 <p < oo and fo € WHP(R). Then f* € WHP(R) and
) e < 1ol

(ii) Let fo € WHYR). Then f* € L and has a weak derivative (f*) that satisfies
NG < ol

(iii) Let fo € BV(R) be a function of bounded variation. Then f* € BV(R) and

Var(f*) < Var(fo).

(iv) Letd > 1 and fy € WHP(R?), with p =2 or p = oo. Then f* € WHP(R?) and

D)y < (1D follp-

5.3 The regularity of Poisson maximal function:
Proof of Theorem 5.1

Our aim is to prove the Theorem 5.1, for simplicity, we first assume that the initial
condition fy is non negative. On one hand, if fy € WP(R?), from (2.4), we know
that | fo| € WHP(R?), and ||D|folll, = ||Dfol|, for d > 1 and 1 < p < co. On the
other hand, it is well known that Var(|fy|) < Var(fy) if fo is a function of bounded
variation.

Also, it would be useful to have in mind some properties of the Poisson kernel,
see for instance section 2 chapter III in [10].

Lemma 5.3. The following statements are true
(i) If fo € C(R?) N LP(RY) for 1 < p < oo, then f* € C(RY).

(i1) If fo is bounded and Lipschitz continuous, then f* is bounded and Lipschitz
continuous with Lip(f*) < Lip(fo).
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Proof. (i) Let ¢ > 0. Given any h € R? and some 0 < y. < oo, we have

[(fo = fo) * Py(@)] < (Imufo — fol?  P(x)) "
< (o = foll2 15,/ 12)"
= ||mnfo — follp | Pylleo (5.6)

< Cd||7'hf0d— f0||p
Yy

<é€

if y > y.. We have used Jensen’s inequality in the first line and Young’s inequality
in the second, see Theorem 4.15 in [2]. When y < y., we can split the convolution
in two integrals and using p’ as the conjugate exponent of p we have

|(Tfo — fo) * Py(x)] < |(nfo — fo)| * P,(x)
= /||<y€ \(Tnfo — fo)(z — x)|Py(z)dz + / |(Thfo — fo)(z — 2)|Py(2)dz

|2|> %
< max |(mafo — fo)(z) Py(2)dz + ||mnfo = follplIX (a1 23 Pyllpr
z€B(z, %) |o|< e
< éﬁ?% [(Tnfo = fo)(2)| + |I7nfo — f0||pHX{|z\2y75}Py||p’-

From the inequality above, we can say the following

is bounded for 0 < y < y.. If p’ < oo, using polar

’ 00 p
' :/ cd—y rLdr
P’ ve (7“2 + yQ)%

e The norm ‘

X{ia2 3 o |
coordinates

HX{\wlz%ﬁ}Py

< 0.

The last inequality follows from the fact 1 < p’ and this implies that the
exponent satisfies d — p/(d + 1) < —1. Also, if p' = oo, being P,(z) decreasing

< Cd2d+1

on |z|, we have < L=
Ye

gz} P

o0

e The norm ||7.fo — foll, goes to zero as |h| — 0, by approximation with a
function in C>°(R?) and Corollary 4.23 in [2].
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e The value max, <u goes to zero as |h] — 0.

Summarizing, there exists 6 > 0 such that, if |h| < §, then

\(Tnfo — fo) * Py(x)| < e. (5.7)

Using the sublinearity of the Poisson maximal operator, the inequalities (5.6) and
(5.6), we can conclude that

70 f" () — f*(2)] <e, (5-8)

for |h| < 6, in other words, f* € C(R?).

(i) If fo is bounded, say by M, the convolution fy * P, is also bounded by M
and so the pointwise supremum is also bounded. Regarding to Lipschitz continuity,
the idea is the same. If fy has Lipschitz constant L, the convolution is also Lipschitz
conitinuous and together with sublinearity of the Poisson maximal operator, we can
conclude that f* is also Lipschitz continuos with Lipschitz constant at most L. [

As in previous chapters, we move to the analysis of the open set where the Poisson
maximal function is above the initial data. In this set, we see that the subharmonicity
of f* is a property inherited from the Poisson kernel. Therefore, we will introduce
a new definition. We say that a continuous function f is subharmonic in an open

set A, if for every x € A and r > 0 such that B(z,r) C A we have

fla) < - / o T ) (5.9)

rilg,

We use 0,4_; to denote the surface area of the unit ball and H* ! to denote the Haus-
dorff measure of dimension d — 1. The expression B(x,r) represents the topological
closure of the ball with center x and radius r, while 0B(z, ) represents its boundary.

Lemma 5.4 (Subharmonicity property). Let fo € C(RY) N LP(R?) for some 1 < p <
oo or fo be bounded and Lipschitz continuous. Then f* is subharmonic in the open
set A= {x € R f*(z) > fo(x)}.

Proof. The set A is open since the Lemma 5.3 says that f* is continuous, so f* — fy
is a continuous function. We will denote B((z,y),r) for an open ball in R¢*! whose
center is (z,y) with z € R?, y € R and radius r > 0.

If A is an empty set, there is nothing to prove. Therefore, fix xqg € A. Remember
that f(x,y) is the solution to the Laplace’s equation with initial condition f defined
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in (5.4), we have that fy(zo) < f*(z0), and lim,_o+ f(20,y) = fo(zo). Next, let 6 > 0
such that for every y < ¢ then

F(0,y) < F*(20) — ~(F*(z0) — folzo)). (5.10)

2
Let yo > 9. Choose a radius 0 < rg < § such that B(zg,r9) C A. For any r < 1
we have that B((zo,y0),7) C A X (0,00), because it is true that B((zo,¥yo),7) C
B(zo,7) X (Yo — 1,90 + 1) and yo — r > yo — 1o > 0. Since P,(x) is harmonic for
(r,y) € R% x (0,00), f(z,y) is also harmonic there, and by the mean value average

property
1

TdHWdH

F(o, o) = / f(2,y) da dy (5.11)
B((x0,y0),7)

with wgy1 denoting the volume of the unit sphere of dimension d + 1. From the
average (5.11) we have

1
F(wo,y) <€ ——— / f*() da dy
T War1 S (o))

1
= —/ 2y/1% — |z — xo|2f*(2) dx.
B(zo,r)

Td+lwd+1

(5.12)

The estimation of the Poisson solution we have in inequality (5.10) implies that
SUPg<y<s f(T0,y) < f*(x0). This says that for every zo € A,

f*(z0) = sup f(zo,y). (5.13)
y=>6
Since we have obtained the inequality (5.12) for arbitrary y, > J, together with
(5.13) we have that for every r < ry

f(xo) < ;/B( )2\/7‘2 — |z — zo]2f*(x) dx. (5.14)

Td+1wd+1

The next step is to show that the average (5.14) implies the subharmonicity of
f*in A. First, we show that this implies the maximum principle on each connected
component of A. As the standard proof, let 2 a connected component of A such
that Q@ C A. Denote M = supq, f* and define B; = {x € Q; f* < M} and B, =
{r € Q; f* = M}. We prove B, is open. Take zy € By, since f* is continuous, take
r sufficiently small such that B(z,7) C Q

1
M:f(zo)g—/ 20/ — |x — x| f*(z)dx < M
B(zo,r)

Td+1wd+1
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This is enough to show that B(zp,r) C By and then By = Q.
Now, let 29 € A and s > 0 such that B(xg,s) C A and let h : B(xg,s) — R the
solution of the Dirichlet problem

Ah =0 on B(z,s),
h=f* in 0B(xo,s).

Denote by g the difference f* — h; now we prove it satisfies the same type of average
that in (5.14), but on the ball B(zg,s). Observe that for z; and r > 0 such that
B(zo,7) C B(xo,$)

9(z0) = [*(20) — h(20)
! /B( )2\/ — |z — zo|2f*(z) dx — h(zp)

= i,
1 (5.15)
= — 24/12 — v — 2|2 (f*(2) — h(x)) dz
g o VPl () i)

: /
= — 2/12 — |z — x0|29(2) dx.
el MG

The third line is true since h(x) is also harmonic in the ball B((z,0),r) and it
satisfies the mean average formula. In addition, the inequality (5.15) implies the
maximum principle in B(xg, s). Therefore, the maximum value of g must be attained
in 0B(xo,s), but ¢ = 0 in this boundary, hence f*(x¢) — h(xy) < 0. Using the
harmonicity of h and that it equals f* in 0B(xg, s) we have that

1
= —— h(y)dH?
ri=log_y /BB(zo,s) (y) (y)
1

- - * de—l )
= — /a B<x0,s>f (y) (y)

In conclusion, the inequality (5.16) means that f* is subharmonic in A. O

f*(wo) < h(xo)
(5.16)

The following lemma is an important reduction of the assumptions we can make, it
is based on the fact that the Poisson kernel satisfies the semlgroup property Py, P,

P, +,,. This is verified using the Fourier transform Py( ) = e~ 27lv and the Fourler
inversion formula of Proposition 5 Chapter III in [10].

Lemma 5.5 (Reduction to Lipschitz continuity). We can assume without loss of
generality, that fy is Lipschitz continuous in part (i) and (iv) of Theorem 5.1.
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Proof. If p = oo, there is a relation between Lipschitz functions and Sobolev func-
tions. It is true that fo, € WIP(RY) if and only if fy has a representative that is
bounded and Lipschitz continuous.

If 1 <p< oo, we take € > 0 and define

fe(x) == fox P(x).

We observe that f. is Lispchitz continuous since is differentiable and the derivative
is bounded using the Young’s inequality. Now assume the statements of the theorem
are true for f., which means, for fX(x) = sup,. f * Py(z) = sup,.. fo * P,(x), it is

true that f* € WH((R)?) and
D fZ ]l < D fellp- (5.17)

On one hand, the Young’s inequality implies that || ||, < ||follpl|Pyll1 = || foll,- On
the other hand, the Minkowski’s inequality implies that for every 1 < i < d,

/Rd(Difa(fE))p dr = /Rd </Rd(Dif0)(;p — 2)P.(2) dz)p d

< ( / d ( [ (D) = 2P dx) " dz)p

= ||Difoll5,

which implies that ||Df:||, < ||Dfoll,- The inequality (5.17) and the observations
above prove that the sequence {Df*} is bounded in LP(R?) by Dfy. Also, we have
that f* converges pointwise to f* as ¢ — 0. This is enough to argue that {fZ} is a
bounded sequence in W1P(R?). Together with the weak compactness of W1P(R?),
as in the proof of the Theorem 2.2, we can conclude that f* € W1?(R9). Finally, by
Fatou’s lemma we can prove that

1D f]lp < Timinf || D[, < liminf [[Dfc|| < [|D folp-

The following lemma is useful to prove the part (iv).

Lemma 5.6. Let f, g € C(RY) NWYA(RY) with g Lipschitz continuous and nonneg-
ative, let f be subharmonic on the open set J = {x € R% g(z) > 0}. Then

/ (Df. Dg) dz < 0
Rd
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Proof. We will prove the result for g with compact support. The reason to this
simplification is as follows. Let ¢ € C>°(RY) be a nonnegative function such that
0 < ¢(x) < 1, with support contained in the ball B(0,2) and #(x) = 1 for every
x € B(0,1). We denote ¢, (z) := ¢(x/n) and the functions with compact support
gn(z) := g(x)1, (7). We have that g, — g in W12(R?) since the convergence g, (z) —
g(z) and D, (z) = n ' Dyp(n~tx) — 0 are pointwise and Dg, is uniformly bounded
because g is bounded and Lipschitz continuous. Also, we have the set equality

J = Uy {z € RY gn(x) > 0}

Summarizing, each g, is Lipschitz continuous and f is subharmonic on the sets
{r € R% g, () > 0}, hence

/ (Df,Dgydx = lim | (Df, Dg,)dz <0.
R4 n—oo R4
The equality above follows from the fact that
lim [ (Df. Dy~ Dgy)dr < ||Df|s lim [|Dg — Dy |, = 0.

n—oo Rd

Let ¢ € C°(R?) be a nonnegative function with support on B(0,1) and [, ¢ da =
1. For ¢ > 0, define the approximation of identity ¢.(z) := e ¢¢(c¢~'z) and let f.
be the convolution f * ¢.. We see that f. is subharmonic on the set J. = {z €
R% dist(x,0J)}. For z € J. and r > 0 such that B(x,r) C J., we have

o) = [ @ =)o) dy
1
<

- _ d—1
—/Rd S /8B(O,r)f($ y+ 2)dHT(2)9=(y) dy (5.18)

_ / folx + 2) dH7H(2).
OB(0,r)

T opd-lg i1
In addition, the Laplacian Af. is nonnegative on J. since f. € C*°(R%) and satisfies
(5.18).

By standard argument of approximations to g with smooth functions of compact
support, we can prove that the formula of integration by parts holds, this gives us

/d(ng,Dg) da::/ (—Af.)gdx
K B (5.19)

“Af)gd
S/J\JE( fe)gdx

46



due to the product (—Af.)g is nonpositive on J..
Let x € J\J: and y € 0J, since g is Lipschitz continuous,

l9(x)| = |g(x) — g(y)| < Lip(g)|z — y| < Lip(g)e.

This implies that

/ (—Af)gl dz < Lip(g)e / AL de
J\Je

J\Je

d
=Lip(g)e | Y |Dif xe  (Dig)2)| du

Ne =1
< Lip(g) / Df| * (|Dg)). dz
I\Je

< Lip(g) [[|Df * (| D@])e 2 (m(J\J:))"?
< Lip(g) [|Df12]| D] (m(J\J:)) "2

(5.20)

using Cauchy-Schwarz inequality to get rid of the summation and then again to
reduce our expression to L?-norm and finally Young’s inequality. From inequalities
(5.19) and (5.20), we finally prove that

| D1.Dg)dx = tiny | (D, Dg) d
Rd E—r

Rd

< lim Cm(J\J)Y*=0

based on the fact that the set J is bounded. O]

5.3.1 Proof of part (iv) - Theorem 5.1

For p = oo, we know that f; € W1°°(R%) can be considered Lipschitz by the Lemma
5.5. Now, from Lemma 5.3, f* is also bounded and Lispchitz continuous, which
means that f* € WH*(RY) with ||Df*||o = Lip(f*) < Lip(fo) = || D fol|se-

For p = 2, using Lemma 5.5 we assume that f, € W1?(R?) is Lipschitz, and therefore
f* is also Lispchitz by Lemma 5.3. By the comments after the inequalities (5.1) and
(5.2), we know that f* € WH3(R?). By the Lemma 5.4, on the set {z € R?; f*(z) >
fo(z)}, f* is subharmonic. We let f = f* and ¢ = f* — fy in Lemma 5.6, then
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Joa(Df*, D(f* = fo)) dz < 0. Now, the inequality
1Dr 1= [ | IDfds
< / |Df*|2dx_2/d<Df*’D(f*_f0)>dx+/Rd ID(f* — fo)|? da

/\Df D(f* — fo) da
— IDAE

implies the result we want.

5.3.2 Proof of part (i) - Theorem 5.1

We can focus on the case 1 < p < oo since the case p = oo was already proved above
without regarding the dimension. As before, we can assume that fy is Lipschitz
continuous by the Lemma 5.5 and then also f* is Lipschitz continuous by the Lemma
5.3 and subharmonic in the open set A := {x € R; f*(z) > fo(x)} by the Lemma
5.4.

We can write the set A as the countable union of disjoint sets A = U;I; =
U,(aj, B;), and being f* subharmonic on A, it must be a continuous convex function
in each (a;, 5;).

Now we will use the Zorn’s lemma to find an important function in W'?(R).
Define the family of functions as

h:R—R,
S = folz) < h(z) < f*(z) forall z €R,
-] Lip(n) < Lip(fo),
[l < {1 follp-

The family S is non-empty since it contains fy. We will add a partial order and
prove it is inductive, as consequence of the Zorn’s lemma it has a maximal element
denoted by g. We will consider that h; = hy if and only if hy(x) < hy(z) for all
x € R. This partial order makes the family S inductive, for a totally order subset
{ha}aen, we can prove that the pointwise supremum

h(z) = iulzi he(z)

is an upper bound and h € S. First of all, since a pointwise supremum of Lipschitz
continuous function is Lipschitz continuous, h is Lipschitz continuous and Lip(h) <
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Lip(fo). For each N € N, we can consider the partition of [—N, N] given by the
2N? +1 points {j/N}, with —N? < j < N2. For every element of the partition j/N
and for every N, choose hjn € {ha}aca such that

h(j/N) —hjn(j/N) < 1/N.
With these choices we can construct the sequence {hy}yen as

hN<$L’) = _Ngn;?‘}éNQ hj,N(x)-

We have the pointwise convergence hy — h. The sequence hy is pointwise increasing
with respect to IV, and for every ¢ > 0 and = € R, there exists N > 1 such that
x € [-N, N| and

h(z) — hy(x)
= [(z) = h(j/N)] + [M(j/N) = hn(j/N)] + [hn(j/N) = hy ()]
< Lip(h)|z — j/N| +1/N + Lip(fo)|z — j/N| (5.21)
< 1/N + Lip(fo)/N
<e,

where —N? < j < N? is chosen to satisfy |z — j/N| < 1/(2N). By construction
we have that the sequence {hy} is bounded in W'P?(R), to be precise ||hn||1, <
f*lp + 1 fillp, < co. The weak compactness of the Sobolev spaces implies that hy
converges weakly to h € W1?(R). By Fatou’s lemma

1Rl < T in (1Bl < (173l

which implies that h € S. We conclude the verification of the inductive property,
and then we can guarantee the existence of an element g € & which is maximal.

The next step is to show that this especial element g coincides with f*. Suppose
by contradiction that the open set B = {z € R; f*(z) > g(z)} C A is non-empty.
We can write B as a countable union of disjoint intervals U;J; = U; (7, d;).

The point is that g cannot be superharmonic in B. If it is and one of the intervals
(74,0,) is bounded, the maximal principle implies that f* equals g on [v;,d,]; notice
that f*(v;) = g(v;) and f*(6;) = ¢(,) and the difference f* — ¢ is subharmonic in
B. The maximal property implies f* —g < 0 on (;, ;) since the equality is satisfied
in the boundary. If an interval J; is unbounded, say (v;,00) (similarly (—o0,d;)),
the function f* — g is strictly positive and convex, but this is not possible. On one
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hand, (f* — g)(v;) = 0. On the other, f* — g is Lipschitz continuous and belongs to
LP(R), therefore lim,_, . (f* — g)(z) = 0. This implies that f* = g on (v;,00). The
case B = R cannot happen, because f; coincide with f*, in a point zy, where attains
its global maximum. This can be explained by the inequality

fo(wo) < g(wo) < fH(z0) < M f(20) = f(0).

The discussion above guarantees that we can find a closed interval [a, b] C B such
that b (@) )
a+ gla)+g
o(%57) < T

Let ¢(z) the parametrization of the segment that connect the points (a, g(a)) and
(b g(b)) given by

9(b) — g(a)
Og) = 222 I
() —
We denote f*(z) := f*(z) — £(z) and §(z) := g(x) — £(z). Denote yo where § attains
the minimum value on [a,b]. We prove that on a closed subinterval containing o,

there exists an horizontal line ¢ such that the graph of f* is above and the graph of
g is below. Notice that g(yo) is negative since

a+b> _ g(a)—zi—g(b) _g(a;tb

(x —a) +g(a).

) = 0.

3l) < :ci(

Since yo € A, it follows that f*(yo) —9(yo) = f*(yo) — g(yo) =: C > 0. For each
—9g(yo) > e >0 let

ac :=max{a <z < yo;g(z) = g(yo) + &}

and
be :=min{yo <z < b;g(x) = g(yo) + £}

This definitions imply that for every = € [ac,b.], it holds g(z) < g(yo) + &, with
g(az) = g(b.) = g(yo) + €, and is strict in the interior. Now, we can find the desired
horizontal line. Suppose that for every ¢ > 0 we can find z. € [ac,b.], such that
F*(z) < §(yo)+¢. From the collection {z.}cs, there is a subsequence that converges
to some zy € [a,b] and f*(z0) < G(yo) < G(20) < f*(z0) which is a contradiction.
Therefore, there exists an € > 0 such that

F1(x) = G(yo) + ¢
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for every x € [a., b.]. Now, observe that,
fr(x) =2 (z) + g(yo) + € = g(z), (5.22)

for every = € [ac, b.] and the line ¢(z) + g(yo) + € connects the points (a., g(a.)) and
(be, g(be)) and the line is strictly above g in (a., b).

Now define the sliced function

U(ZE) — g(l’), lf.’L' € [as,bs]’
200 (1 —q,) + g(a.), if = € [a., D],

The idea is to show that u € S, u = ¢ and wu is strictly bigger in (ac,b.). The
inequality (5.22) proves that f* = u = fy and Lip(u) < Lip(g) < Lip(fo). It remains
to prove that ||u/[|, < || fil|p, but this follows from the fact that Young’s inequality
implies that

be
Il = [ W@pdes [l

1 be P
> [ W@+ 0. a) ( [ i@ da:)
R\ [ac,be] be — ac J,.

1 be P
> / @) de + (b — a.) / J(2)de
R\ [ac,be] be —a. J,.

g(b-) — g(a.) g
b. — a.

- / @) Pdr + (b — a)
R\[aabs]
= |l

This proves that u is an element in & and is strictly bigger than g, but this a
contradiction since g is the maximal element in S. In conclusion g = f*.

5.3.3 Proof of part (ii) - Theorem 5.1

The proof is as follows. We can assume f, € WH(R) to be absolutely continuous.
By Lemmas 5.3 and 5.4, f* is continuous in R and subharmonic in the open set
A= {x € R; f*(x) > fo(x)}. As before we can regard A as a countable union of
disjoint intervals U;I; = U,;(a;j, B;). Since f* is convex on every I;, it is Lipschitz
on every compact subinterval of A. This implies that f* is differentiable almost
everywhere on each [, lets denote this derivative on A as v.

Now, we prove that on each I;, the variation of f* is no greater than that of f.
Since the function f* is convex on I;, it reaches a minimum, say v, € [ay, 5;]. We do

51



not discard unbounded intervals. If a; = —o0, fo(a;) = 0 since fo, € WH(R), and
f(aj) < M f(e;) = 0, see Propositions 3.3 and 3.4. Similarly fo(5;) = f*(5;) =0,
if B; = +o00. Hence, we have that f* is monotone on the subintervals [a;,~;] and
[V, ;] and integrating |v| on I;

/Ij |v(m)|dx:—/ajjv(x) dx+/6jv(x)dx

= (f*(ay) = () + (f*(B;) = f*(03))
< (folay) = fo(v;)) + (fo(Bs) — fo(vi))

< [ o+ [ sl do

/|f0 )| de,

where we used the fact that f* and fy coincides in the extremes of I; and fy(7;) <
f*(~;). This implies the inequality

[ p@lde < [ ifi)ar (5.23)

It follows as in equation (3.6) that f* is weakly differentiable and
(f) = xmalfy + xav. (5.24)

The key point is that as in equation (3.7), it follows that for every ¢ € C°(R)

/ F@)6 (@) dr = [fo(8)0(8;) — folay)dla)] — / v(@)d(z) de.

I;

We can conclude that

V= [ 1Y@l
/R\AI( D @lde+ [ o@)da )

< [ @+ [ Ify@)ds
R\A A
= [[(fo)'ll,
using in the first line the equation (5.24) and the inequality (5.23) in the last line.
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5.3.4 Proof of part (iii) - Theorem 5.1

Remember that we want to prove that if f; is a function of bounded variation, then
f* has bounded variation and this is not larger than that of f,. We can consider D fy
as the weak derivative, being of bounded variation, it is a Radon measure with total
variation | D fo|. This satisfies |D fy| < Var(fy).

For € > 0, we can consider one more time

fe(x) := fo x Pe(x).

Because of the convolution, f. belongs to C*°(R) and is also Lipschitz continuous.
This also means that the total variation |Df.| and the variation Var(f.) coincides.
Again, we define

f:(l‘) = sup f * Py(x) = sup fo * Py(x)

y>0 y>e

by the semigroup property of the Poisson kernel. From Lemma 5.4 we have that f*
is subharmonic in the open set A = {x € R; fX(x) > f.}. As usual we represent
this set as the countable disjoint union U;I; = U;(a;,3;). On each I;, we have
that fZ is convex, so it is monotone on the pieces [a;,7;] and [v;, 5;], where fr
attains its minimum in ;. We consider an arbitrary partition P = {z1,...,zn}
with 27 < 25 < --- < xy, and we obtain a refinement P’ = {y;,...,yy} in a way
that ; and the endpoints o, 8; are included. Hence, using the triangle inequality,
we can compare the variation in both partitions and additionally, we observe that

Varp(f*) < Varp(f2)

| £2 (i) — f2(yn)]
k=1 (5.26)
[fZ (o) = f2(0)] + [f2(85) — f2(5))]
[feloy) = fe(up)] + [f=(B5) = fe(;)]
Var(f).

We have used the fact that f and f. coincide in the endpoints of I; and in the
interior f. < fX. The computations are similar in case I; would be unbounded. In
such case, fr is monotone and tends to zero at infinity. Since D f.(z) = (D fy) * P,(x)
and the Young’s inequality we can deduce

IA AN A

Var(fe) = [Dfe| < [Dfol [[Pellh = [Dfol < Var(fo). (5.27)
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On one hand, f* — f* pointwise as ¢ — 0. On the other, the inequalities (5.26)
and (5.27) implies Varp(f*) < Var(fy) for any partition P. Therefore,

Varp(f*) = lim Z | (2er) — £ ()
= lim Valrp(f6 )
e—0
< Var(fo).
Being P an arbitrary partition, we have the desired result

Var(f*) < Var(fo).

5.4 The regularity of heat flow maximal function:
Proof of Theorem 5.2

The proof of this theorem is essentially the same as the proof of the Theorem 5.1.
Remember that the heat flow maximal operator is given by the expression in (5.5).
The first steps consist in proving an analogous to Lemma 5.3 and then obtain a result
on the subharmonicity for f* on set {z € R% f*(x) > fo(x)}. The rest of the proof
follows in the same lines, we avoid to do this here since the details appear in [4].
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